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0. Introduction

The diameter of a graph is of mathematical interest as one of the most tho-
roughly studied parameters of graph theoty, and of practical interest because of its
relationship to the computational complexity of graph algorithms based on breadth-
first search. Diameters of random graphs have been studied by Bollobas [3], Klee and
Larman [8], Korshunov [11], Moon and Moser [13], and Thanh [15], and of random
bipartite graphs by Klee, Larman and Wright [9]. Results on connectedness are also
relevant, for a graph is connected if and only if its diameter is finite. Connectedness of
random graphs has been studied by Erdds and Rényi [7], and of random bipartite
graphs by Bollobés [4] and Klee, Larman and Wright [10].

For p€(0, 1) and positive integers m and n with m=n, let G(m, i; p) denote
the probability space of bipartite graphs in which the first part V' consists of m la-
belled vertices, the second part W (disjoint from V') consists of » labelled vertices,
and for each véV and welW the edge {v, w} is present with probability p, indepen-
dent of the presence of other edges. Thus for each subset Y of VX I the probability
is pl¥i(1 —py™—1¥| that a random member of G (1, 11; p) has Y as its edge-set.

We seek conditions on the sequences (m(l), m(2), ...) and (p(1), p(2), ...)
that fead to conclusions about almost every member of G(m(n), n; p(n)) — that is,
conclusions which hold with a probability P(n) that converges to 1 as n—e=. Our
two main results are the following, dealing respectively with the cases in which m is
(is not) much less than s

Theorem A. If

(1 n(l—py* -0
and
(2) M—Zlogm =/

D)
m-=

for some constant i then almost every member G of G(m, n; p) is such that any two
vertices of 'V have a common neighbor in W (whence G is of diameter =4).
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Theorem B. Suppose that for all n,
(3) pn = pm = (log n)*

and that k is a fixed positive integer.
If k is odd and
pk,n(k—l)/iln(k~1)/2_log (mn) - o
or if k is even and
prmkR ki —1_2 logn — oo

then almost every member of G(m. n; p) is of diameter =k+1
If k is odd and

pkm(k—l)/z,l(k—n/:_log (mn) — —
or if k is even and
prmkizpkiR =12 log i — — oo

then almost every member of G(m, n; p) is of diameter =k+2.

As is shown in Section 1, the growth condition (2) says roughly that m<
<(nlogn)2, while (1) is implied by the assumption that almost no member of
G(m, n; p) has an isolated vertex. Thus Theorem A is in the spirit of the theorem of
Posa [14] and Korshunov [12] asserting that for random graphs, about the same num-
ber of edges needed to ensure one property for almost all graphs actually ensures a
much stronger property for almost all graphs. (In their case the properties are con-
nectedness and the presence of a Hamilton cycle.)

Note that if (1) holds and m=(log n)* then

C) pm—logn — co
for if pm=logn+1t for a constant 7 then
limsup n(1—p)™ = limsupnexp {(—p—pHm} = e~ "1 = 0.

Though we work with (3) and (4), it appears that our method can be extended to
yield sharp or almost sharp results throughout the range (4). However, that would
require more complicated proofs. Condition (3) is convenient because it enables us
to base the main part of Theorem B’s proof directly on a lemma from {3].

1. Theorem A

Before proving Theorem A, we comment on the growth conditions (1) and (2).
L.1. If almost no member of G(m, n; p) has an isolated vertex then
) n(l—py* - 0.

Proof. Let the random variable /,=/,(G) denote the number of vertices in W that
are isolated in the graph G€G(m, n; p). Let ¢ denote the probability that a parti-
cular member of W is isolated, so that ¢=(1 —p)". Then the distribution of I, is
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binomial with parameters # and ¢, whence the kth factorial moment of I, is [Z] q~.

n
If ng converges to a constant y=0 as n—<c then ( \Jq" converges for each & to

k
y*, the kth factorial moment of the Poisson distribution with mean y. But then 7,
converges in distribution to the Poisson distribution, whence P(I,=0)—e~7<1.
It follows that if P(I,=0)—~1 then n(l—p)"—=0. |

1.2. The condition that eventually (that is, for all sufficiently large n)

2 m < (n log n)/2
is implied by the condition that

o)) nlogn) 5 1ogm =
m*
for some constant i, which in turn is implied by the condition that
1 ] log log n]
* /2|1 —{— —= o
2% m =< (nlog n) {1 [2 +6 Tog n

for some fixed 6=0.
Proof, If (2%) holds then eventually

m® < (nlog n) [1 - (1 +375] loliol;f—n—]

whence eventually

loglogn

n(logn)?
2 logn

- ]——(log n+loglogn)

—2logm > (log ;1)[1+(1+<5)

= dloglogn — <

and (2) holds. To see that (2) implies (2,), note that the left side of (2) decreases as m
increases, and when m=(nlog n)V2 the left side of (2) becomes

logn—(log n+loglogn) - —<. J

To prove Theorem A, let P(n) denote the probability that in a random member
G of G(m, n; p) there are two vertices in ¥ which have no common neighbor. Since,
for each triple of distinct vertices v, v’€V and wel, the probability 15 1 —p?
that v and ¢” are not both adjacent to w it follows that

Pn) = [’;](I—Pz)" = mPe~ ",

Thus if the conclusion of Theorem A fails then lim inf m*~?"">() and, by passing
to a subsequence, 2 logm—p*n=> —y for some constant y. Then

" 1/2
= (‘. Iog’:n +y]
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and hence eventually
n(l—py" = exp {log n—(p + p*)m}

2logm +l]1’2m _2logm+4

Iy

T.
n

- — |
= exp {loan ( " mI
where

2log m+}.]”2 }
—= my.

= perpioe -
T = 5 explogy p

If liminft=0 then lim infa(l—p)*=0, contradicting (1). If lim infz=0
P12 P At
Qog_mi—i] m=log n+yu, where ;t=max{}—T+—,O} and

then eventually ( .

/ is the constant of Theorem A. But then

(log n+p)?
————n

. —/
m2

2logm =
L nlogm? oy o ndoem?
2 m

contradicting (2). That completes the proof of Theorem A. [

2. Lemmas in preparation for Theorem B

When K is a set of finite cardinality k, A is a family of subsets of K, and p

€0, 1], let
oalp) = X pHI(1—p)-ll
ATA

This is just the probability that a member of A is formed when each point of K is
chosen with probability p and the k choices are independent. Though 2.1 below is
intuitively obvious, it does require a proof and one has been given by Birnbaum,
Esary and Saunders [1]. The short proof below is from [5] and was suggested also by
Isaac Namioka.

2.1. If the family A inciudes each subset of K that contains (resp. is contained in) a
member of A then @,(p) Is a monotone increasing (resp. decreasing) function of p.

Proof. For 0=/=k, let a; denote the number of sets ACA such that |4|=/. Note
that when O=j<k, (k—j)a;=(+Da;;, (tesp. (k—))a;=(j+Da;.,) for if
|4|=j there are (in K) k—j supersets B of A such that |B|=j+1, while if |B]
=j+1 there are j+1 subsets 4 of B such that |4|=/.
k
Let g=1-p. whence o (p)= > a;p¢*~/ and thus

i=o

k-1

k '
PP = S aip g i+ 3 a;pi(j—kypt i
= 4,

k
= Da;(j+D—k—a]p/g"= 7' =0 (resp. =0). §

j=0
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Our use of 2.1 is based on the fact that if K is the edge-set of a graph with
vertex-set U, d is a positive integer, and A is the family of all subsets A4 of K such that
the graph (U, A) is of diameter =d (resp. =d), then A satisfies the first (resp. second)
condition in 2.1.

The most essential tool in our proof of Theorem B is the following lemma
from [3].

2.2. Suppose that the random variable X has binomial distribution with parameters a
and p. If

0<£<?1]—. 0<p<% and epa = 40

then
P(IX—pa| = epa) < exp {(—&*pa/3)/e(pa)/?}.

For each pair x and y of vertices of a graph G, let é;(x, v) denote the smallest
number of edges forming a path that joins x and y in G, with d5(x, y)=-e when
there is no such path. This is the G-distance between x and y, and the diameter of G
is of course the maximum of d¢(x, ) over all pairs (x, ¥) of vertices of G. For each
nonnegative integer r, let S,(x. G) denote the sphere in G with radius r and center x.
That is,

S,.(X, G) = {}": 6G(X’ .V) = I.}'

Returning now to our standard notation (¥, W, m, i) for discussing labelled
bipartite graphs, let x be a fixed but arbitrary member of VUMW, a center with res-
pect to which certain computations will be made. For each GeG(m, n; p), let

5.(G) = S,.(x,G), 5, = 5,(0) = [5,(G)],

e o JSyUS,ULLUS, when £ ois even}
56) = ,-!(, S’_Z"(G)_{SlUS;,U...USr when # is odd J’

b, = b,(G) = |B,(G).
When x€V (resp. x€W), let
U=Ux)y=V or W and I,=m or n

according as r is even or odd (resp. odd or even). Though m and n enter almost sym-
metrically in all that follows, some lack of symmetry is imposed by our standing
hypothesis that m=n.

2.3. Conditional on specified values of s,(G) for r<j the distribution of s,(G) is bi-
nomial with parameters a;=l;—b;_, and p;=1—(1—p)i-.

Proof. It suffices to prove the statement with “values of s,.(G)” replaced by ‘“‘sets
S,(G)”. Of the /; members of VUWW that may, by parity considerations, be at dis-
tance j from x, there are b;_, at distance < from x. Consider an arbitrary one of the
remaining a; members of U;. It fails to be at distance j from x if and only if it fails
to be adjacent to any of the s;,_; members of U;_, that are at distance /—1 from x.
This occurs with probability (1 —p)si-». §
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2.4, If (3) holds and x= is an arbitrary real constant then eventually, for a random
G<G(m, n:; p), with probability at least 1 —n=* we have

ls;—ph! = & ply,
where & =(logn)~ "3

Proof. The variable s, has binomial distribution with parameters p,=p and a,=/,.
Hence if » is sufficiently large then by Lemma 2.2

exp (—&iphi/3)
g (pl)V*

Since ply=(log n)', this implies that eventually

P(isy,—ph| = & ply) =

P(sy—phl =& ply) =n* |}

By Lemma 2.1 we may assume that in Theorem B the conditions on p are
barely satisfied. To be precise, we shall assume that

(5) —loglogm = ptm* D12k =B2 o0 (mn) = loglog m
if & is odd and

(6) —loglogm = p*m*2n®M-1_Jlogn = loglogm

it k is even.

Set o,=1 and
5. = o) = I 0h)
for r=1. By (5) and (6), if x€V then
(7 logn < po,_, =< 3logn,
and if xéVUW and 1=j=k—1 then
(8) PO j—1 = 0x— [l ; = (o /L) (pm) = < 3(log m)1~¥.

Set &,=r(logn)~*®=re;. We shall be concerned with members G of
G (m, n; p) that satisfy some of the following inequalities involving s,.(G):

I, =1(x): o,(1—-¢)=s5s,=0,(1+¢,).

In what follows alil inequalities are claimed to hold for all sufficiently large values of n.

2.5. 1f(3) and (8) hold and x is an arbitrary real constant then eventually, for a random
GeG(m, n; p),

Py, 1Ly, ..y Ly all hold) = 1—n—*.
Proof. The assertion of the lemma follows if we show that for 1=r=k-1

(C))] P, fails) < 2"n—*"1
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In turn, (9) certainly holds for a particular value of r if it holds for all smaller values
of r and we have the following bound on a conditional probability:

(10) P(I, fails |I,, Iy, ..., I,_; hold) = n=*—1.

Finally, (10) follows if we show that whenever §, &, ..., §,-, satisfy /£y, 1, ..., {,_,,
then

(11) P, fails |sy =8, ..., 8,_; =8 <n*"L

By replacing x by x4 1 in Lemma 2.4 we see that P(J, fails)<n—*"L

Suppose now that 2=r=k—1 and inequality (9) holds for smaller values of
r. Fix integers §,, s, ..., §,_, satisfying inequalities /y, /, ..., /,_, and consider the
distribution of s, conditional on s;=§,, ..., s,_1y=5§,_;. This is a binomial distri-
bution with parameters

p,=1—-(1—py--» and a,=1—-b,_,.

Our next aim is 1o estimate these parameters.
By the induction hypothesis

pe=1—(1—=p)yr-r = ps,_; = po,_,(1+&_)
and by (8)

Sp—1) .
Pr = DPSroy (1 _%] = po-r—l(] —Er—l)(l _par—'l)

= po,_(L—¢._,)(1—3 (logn)~3).
Hence
Pl = o, (1 —¢,-)(1—3(log n)~3).
Furthermore, «a,=/ —b, _,=I and since b,_,=20,_,,

a, = ,(1—20,_4/1,) = 1,(1—6(log n)~2).
Thus
2.4, = pl(1—6(ogm)~?) = o,(1—¢,-)(1—3(log n)~3)

(1—6(logm)3) = g,/2.
Since r=2 this implies
(12) (logn)*2 = 6,/2 = p,a, = p,l, = po,—1L(1 +6-1) = 0,(1 +5-1).
Let e=(logn)~2% Then by Lemma 2.2 we have
oxp(—ep.ad) _

Inequality (13) implies (11). Indeed, if |s,—p,a,]=¢ep,a, then by (12)

(13) p(lsr—arpr‘ = £p.a, |sl = 51! R §r—l) =

5 = (1 +8)prar = Ur(] +8r)
and
ss=2(l=8)p.a, =a,(1—¢).

This completes the proof of Lemma 2.5. |
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Let x, and x, be fixed but arbitrary distinct vertices in " or in W and for
GEG(m, n; p) set

Cooi(x) = S,o1 () = By (x), ey (x) = [Coon ()], 1= 1.2,
Dr(:“ls X‘Z) = L[r_(Br—2(x1)U Br—‘.’.(x?.))’ dr = ‘Drl.-
Er(xl" x‘l) = D:‘mr(Cr—l(xl))ﬂF(Cr—l(x’z))ﬁ e, = {Erl

Here we have suppressed a number of variables, e.g. B;(x;) stands for B;(x;, G),
C;(x)) stands for C;(x;,G). Furthermore, U,=U.{x;_;}=U,(x;) and, as uvsual,
I'(X) is the set of all vertices joined to one or more vertices in the set X. {Recall that
when xcV (resp. xé W), U,(x) is V or W according as r is even or odd (resp. odd or
even).)

2.6. Conditional on specified values of ¢,_(xy), ¢,_1(x3) and d,., the variable e, has
binomial distribution with parameters d. and

by = (1 —(1 —p)"r—l("l))(l —(1 —~1)')5r—2(-‘-_’)),

Proof. As in Lemma 2.3, it suffices to prove the lemma with “‘values of ¢,_;(x;).
¢,-1(xy) and d,” replaced by “sets C,_,(x,), C,_.(x,) and D,”. Consider a member y
of D,. Then ypckE, iff at least one edge joins y to C,_,(x;) and at least one edge
joins v to C,_(x,). These two events are independent and have probabilities

1 —(1—p)r-itd and 1 —(1—p)er-1tx2,
Furthermore, the elements of D, belong to E, independently of each other. |

Let us continue our investigation of the balls with centers x, and x,. For
GeG(m, n; p) set

T.(xy, X3: G) = B.(xy, G) B, (x,. G), 1, = |T,].

In the proof of the second part of Theorem B we shall need that most members
G of G(m. n; p) satisfy some of the following inequalities involving f,(x;. xz; G)
for r=1:
J, = J.(x1, x5 (X1, x50 G) = Fa,/(logn)2

where o6,=0,{x)=0,(x,).
2.7. 1f (3) and (8) hold and = is an arbitrary real number then eventually, for every

ro1=r=k—1,
P(J, holds) = 1—rn—*.

Proof. Let J, be the event that every vertex in V has degree at most (1 +&;)pm and
every vertex in W has degree at most (! +¢;)pn.
By replacing £ by k+1 in Lemmas 2.4 and 2.5 we sce that

(14) P(Jy) = 1—n~"=
and
(13) P(L(x)), oos Loy (X9), L1(Xa)s oo £,_1(x5)  all hold) > 1 =271,
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We shall prove our lemma by induction on . Let 1=r=k—1 and let us
estimate the probability that
e, = o,/(log n)?,

conditional on 7,(xy), Iy(xy), ..., I,_1(x;) and I,(xy), 1,(x5), ..., I,_1(xs) all holding.
Note that if all these /;(x;)’s hold then

C-1(%1) = 20,1, €,1(Xy) = 20,

and d,=l.. Consequently by Lemma 2.6 the conditional probability above is at
most the probability that a binomial random variable with parameters /, and p,
=(1—(—p)¥--1)*=4p®c?_, is at least o,/(log n)%. Since by (8)

lrﬁr = 120',/(10g '1)3 = % a,,/(log n)e’
by Lemma 2.2 this probability is at most #~*~%, Hence, if n is sufficiently large,
(16) P(e,=a,/(log n)*|I,(xy), ..., I,_1(x)), [ (xa)s .oy [o—1(xz) all hold) = n—*"1,

Let K, be the event that I,(xy), ..., L,_1(x1), [1(x3), ..., I,_1(x,) all hold, J,
and J,_, hold and e,=0,/(log n)*> holds as well. Then by (14), (15), (16) and the
induction hypothesis,

PK)=1-2n*1—p=*1_(G—-—Dn"*—n*1>1—rn*
To complete the proof we show that if K, holds then so does J,. Indeed,
T, (%1, X35 G) C© B, _o(x)U B, 5 (x) UT (T, -1 (%1, X5: G)) U E,(x1, Xo).
Hence if K, holds,
f, = b, _o(X)F b, () + 211, _1 (%1, X3) +€,(xy, X3)
= ¢,/(log n)” + 20,/(log n)*+a,/(log n)? = 30,/(logn)®. |

3. The upper bound in Theorem B

3.1. Theorem. Suppose that k is a positive integer, k=3, and the integer m(n) and
probability p(n) are defined for all positive integers n, with

pn = pm = (log n)t.
Suppose furthermore that if k is odd then

prmE-D2p=D2 _log (mn) — oo
and if k is even then

*kin=1_2logn — <.

pmtitpn
Then almost every member GEG(m, n; p) has diameter at most k+1.

Proof. As mentioned earlier, by Lemma 2.1 we may assume that (7) and (8) hold as
well. Note that the conditions on p imply that for x€ VUW we have

pox (1 —g_)—log (hl) — + <=
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Call a vertex x€ VUW remote if B,(x)=U,(x), that is if for some vertex
yeU,(x) we have d(x, y)=k+2.

Let xeVUW. If yeU(x) and d(x,y)=k then y4¢ B,_,(x) and no edge
joins x to S,_,(x). Hence

P(d(x, ) = kll,_y(x) holds) = (1—p)m-10=5-»
and so
P(x is remote |/_,(x) holds) = [, (1—p)?k-101=5-0.

Therefore by Lemma 2.5

P(x is remote) = L(1— p)ox- 1=t 4-p~3
and
P(diam G = k+2) = l,/,(1 — p)ox-1—&-D4p~?

= exp {log (ol) —poy—1(1 —&-)j+n~* = o(1). 1§

4. The lower bound in Theorem B

Denote by X the number of remote vertices in W. Then
Pdiam G = k+2) = P(X = 1),

so by Lemma 2.1 the lower bound in Theorem B is a consequence of the {ollowing
assertion.

4.1. Theorem. Suppose that k=3 is a positive integer, ¢ is a real number, and the in-
teger m(n) and probability p(n) are defined for all sufficiently large positive integers n,
with pn=pm=(log n)*.

Suppose furthermore that

prmE—DR2yE—D2 o0 (mn) = ¢
if k is odd and
prmFEa®D-1_2loen = ¢

if k is even. Then in distribution X tends to the Poisson distribution with mean e™°.
In particular,
PX=1)~1—ee

Proof. Denote by E,(X) the rth factorial moment of X, that is set E,(X)
=E(X(X—1)...(X —r+1)). By the Jordan inequalities (see Comtet [6; p. 195]) the the-
orem follows if we show that for each r,

(17 E,(X) e,

the rth factorial moment of the Poisson distribution with mean e~

Let xj, X,, ..., X, be arbitrary but fixed vertices in W and set /;=I;(xy)
=[;(xy)=...=1;(x,). Let us estimate the probability P, that each x; is a remote vertex.
By Lemmas 2.5, 2.6 and 2.7 with probability at least I —n~"~1 there are disjoint sets
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ry, e, ..., 4;_4, 4, such that for all 1=/=r

I C 81(x) € By (x) c I'Udy_, € U_i(x),

(0 Besm)uraye a4,

A=yo =Ml =04+90_y,

!Ak—ll = Y0u—1
and ‘
|4k = 2yo4_1 Pl < 61,

where y=(logn)~%* and &=(logn)~Y°.

Given sets V,cV and W,cW with |V]=m; and |W|=n,;, the probability
that there is a vertex in ¥; which is joined to no vertex in W, is 1—(1—(1 —p)")™.
Consequently,

P = (1=~ =p) D)y = (1+o0(1)) (ke ?%w-1)
and

P, = (1= (1= (1 =p)0t Mo )a=3%) = (1 +0 (1)) (e~ Po).
Our choice of p implies that
lohe=Po-1 = (1 +o0(D)ee,
so by the inequalities above,
E(X)=Pnn—-1)...(n—r+1) -e "
This proves (17) and so our theorem as well. ||

The proof of Theorem 4.1 can be refined to show that, under suitable conditi-
ons, the number of remote vertices in V' UW also tends to a Poisson random vari-
able. To be precise, the following theorem can be proved.

4.2. Suppose that k=3 is a positive integer, A Is a positive real number, and the inte-
ger m(n) and probability p(n) are defined for all sufficiently large positive integers n,
with pnz=pmz=(log n)*.

Suppose furthermore that

mlge?% -1+ nliepoi-1 - A,

where
=L, L=L(), 04_1=0-1(x)
and
Op-1=04x_1(¥) for x€V and ycW.
Then
Pdiam G = k+1) - e~
and

P(diam G =k+2) - 1—e % |

2%
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5. Consequences for the other model

In working with G(m, n; p) we have chosen the more tractable of two natural
models for random bipartite graphs. The other model is G(m, n; E), where E is a
positive integer <mn. The members of G(m, n; E) are the labelled bipartite graphs
that have m vertices in the first part, n vertices in the second part, and precisely F
mn

E
useful relationship between the two models, we recall that a property Q of graphs is
said to be convex if, whenever two graphs G, and G, with the same vertex-set both
have property Q, then Q is also possessed by each graph G such that G, G cG,.
Plainly the property of having diameter less than (resp. equal to, greater than) a
fixed integer is a convex property of graphs.

—1
edges, each such graph appearing with probability ( ] . In order to describe a

The following is a bipartite analogue of part (ii) of Theorem 8 on p. 133 of
[2], and its proof is the same; | ¢_| denotes the integer floor of 1.

5.1. Suppose that m(m)=n and O<p(n)<1 for all n, and that pmn—e and
(1 —p)mn—< so n—~oo. If Q is a convex property of graphs and almost every member
of G(m, n; p) has property Q, then so has almost every member of G(m, n; |_pmn_|). |§

It was conjectured in [9] that if r is a fixed positive integer and the functions
m(n) and E(n) are such that

E2r~2 or
-0 and £

_ ————logn — oo,
min" m"ntt N

then almost every member of G(m, n; E) is of diameter 2r or 2r+1. The following
related result is a consequence of our Theorem B.

5,2. Theorem. Suppose that E(n)z=n(log n)* for all n, and that k is a fixed positive
integer. If k is odd and

Ek
BRSNSy —logmn — <=
or k is even and
Ek
—_————2logn - =
e g G+ T &

then almost every member of G(m, n; E) is of diameter =k+1. If the limits are
— oo Iin the respective cases then almost every member of G(m, n; E) is of diameter
=k+2.

Proof. Let p(n)=E(n)/mn, whence (3) holds. Plainly pmn—eo, and if (1—p)mn
does not converge to < an easy direct argument shows almost every member of
G(m, n; E) is of diameter 3. Hence the stated conclusions follow from 5.1 and Theo-
rem B. |}
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